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noncommutative spacetime & unitary

o> We will start with 1 + 1 dimensional theory. And look at
the spacetime commutators of the form:

Ty, Ty | = 0e, L

o Its usually remarked that this leads to non unitary
quantum theory. We believe this is due to incorrect
appreciation of the role of "Time".

o But the correct statement is if a group of
transformations cannot be implemented on the algebra
Ay (R?) generated by i, with our relation then it will
Not be a Symmetry even tis should be improved - will come back later
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noncommutative spacetime ...

o> We readily see that spacetime translations are
automorphisms of A, (R*): With U/(@)z,, = 2, + a, we
see that,

U(@)z,,U(@)T, | =0y, .

o The time-translation automorphism is:
U(r) :=U((7,0))

o Without the time-translation automorphism, we cannot
formulate conventional quantum physics.
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noncommutative spacetime..

o The infinitesimal generators of //(a) can be obtained
from

Z/[(@) _ e—iaopo+ia1p1 )

o Then we have

Py=—-adi; ,“P = ——ad#
0 p2daL . 02920

ad @0 = [2,,a] , a € Ay (R?) .
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o Gausality: It is impossible to localize (the
representation of) “coordinate” time i in A, (R?)
sharply. This leads to failure of causality chaichian et

o The following important point was emphasised to us by
Doplicher. In quantum mechanics, if p is momentum,
exp(i&p) Is spatial translation by amount £. This ¢ is not
the eigenvalue of the position operator z. In the same
way, the amount 7 of time translation is not “coordinate
time”, the eigenvalue of 7. It makes sense to talk

about a state and its translate by U(7)

o Goncepts like duration of an experiment for 6 = 0 are
expressed using U (7). They carry over to the
noncommutative case too.
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Representation theory..

o Observables, states and dynamics of quantum theory
are to be based on the algebra A; (R?). Here we
develop the formalism for their construction.

> To each a € Ay (R?), we associate its left and right
regular representations &’ and a’,

a3 =ap, a3 =pa, B e Ay (R?) ,

. L . . \R
with &’ = (aﬁ) and & 3" = (ﬂoz) . The carrier
space of this representation is Ay (R?) itself.

o An “inner’product on 4, (R”) is needed for an eventual
construction of a Hilbert space.
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Representation theory..

> Consider a map y : Ay (R?) — C which is also
positive,i.e.,

o T'hen we can set:
(65) = (a'3)

o It will be a scalar product if y (a*a) = 0 implies & = 0. If
that is not the case, it is necessary to eliminate null
vectors.

o We illustrate these ideas briefly in the context of the
commutative case, when ¢ = 0
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The commutative case

o The algebra C in the commutative case is
Ao (R2) = C* (R x R),

o There is no distinction now between &% and &'*:
~L AR
o = .

o There is a family of positive maps y; of interest
obtained by integrating i ) in 2 at “time” ¢:

Xt() = / dr1(t, 1)

o We get a family of spaces C; with a positive-definite
sesquilinear form (., .);:

(6, 9), = / dry (¢, 1)t 21)
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The commutative case

o Every function & which vanishes at time ¢ is a
two-sided ideal Z/=" = 7 of C. As elements of C;, they
become null vectors.

o As in the GNS construction s, We can quotient by
these vectors and work with C;/N}.

o The completion C;/N? of C;/N} in this scalar product
gives a Hilbert space #

o For elements v + MY and y + N in C; /N, the scalar
product is

(v + N, x +NY), = (¥, x), -
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The commutative case

o The quantum mechanical Hilbert space however is not
HO.

o It is constructed in a different way, starting from a
subspace Hy: C C; which contains only {0} as the null
vector: Ho NN = {0}

> Then y, is a good scalar product on #;; and the
gquantum mechanical Hilbert space is given by
H) = Ho +, the completion of 7 ;.

o The subspace 7, ; depends on the Hamiltonian / and
IS chosen as follows.
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The commutative case

o Let H be a time-independent Hamiltonian on
commutative spacetime, self-adjoint on the standard
quantum mechanical Hilbert space L? (R).

> We now pick the subspace #,; of C; by requiring that
vectors in C; obey the time-dependent Schrodinger
equation:

Hot = {0 € Cs : (104, — H) Y (z0,21) = 0}

o The operator i0,, is not hermitian on all of C;:

(wa i&l‘OX)t e (i&l‘()w? X)t for generic % X & 7:[0,?5 9

o but on H, 4, it fulfills this property:
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The commutative case

- We notice since,

Y(xg + 7,21) = (e_iT(wa)w) (x0,x1)

_ (6—ifﬂw) (20, 71) |

time evolution preserves the norm of «» € H ;.
Therefore if it vanishes at z( = ¢, it vanishes identically
and is the zero element of 7+, ;: the only null vector in

7:[0715 1S 0:

> The completion of #; is the quantum Hilbert space
H{. There is no convenient inclusion of # in +}.
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The commutative case

o Under time evolution by amount 7, ¢) becomes

e i(Zo+7)H w() - H()t )

where v Is a constant function of x( so that

10,10 = 0. This conceptual difference between
coordinate time 2y and time translation 7 is crucial for
NC spacetime.

6_7;TH?7D

o An observable K has to respect the Schrddinger

constraint and leave 7, (and hence #!) invariant.
This means that

{i@xo e K} —0.
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The commutative case

o Under time translation, 7, in & shifts to i, + 7 as it
should:

[A((T) e e—iTHirffe—i—iTH _ e—i(ifo—l—T)Hze—i—z’(ifo—i—T)H .

where L is defined by:

A

K(O) _ e—iQA}one—i—iQA}oH

o What we have described above leads to conventional
physics. As expected 7 is not an observable as it does
not commute with i0,, — H:

30,8, — H] = —il .
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The noncommutative Case

o The above discussion shows that for quantum theory,
what we need are: (1) a suitable inner product on
Ay (R?); (2) a Schrédinger constraint on Ay (R*); and
(3) a Hamiltonian 7/ and observables which act on the
constrained subspace of Ay (R?).

- We also require tha’E (1) Is compatible with the
self-adjointness of /' and classically real observables.

» We now consider these one by one.
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The symbol calculus

o The first inner product is based on symbol calculus. If
a € Ag (R?), we write it as

i = [ dhapet et

and associate the symbol o5 with & where
ag(zo, x1) = /d2/<: a(k)etFrtrgthoto
o The symbol is a function on R?. It is NOT the MOYAL

symbol. Using this symbol, we can define a positive
map S; by

Si (&) = /d:m ag(t,r1) .
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The Schrodinger constraint

o The noncommutative analogue “i—" is
0 A 1
i— =Py = ——ad iy ,
856() ! 0 !

o If the Hamiltonian  is time-independent,
10y, H] = 0

> We can write Hamiltonian as™& = /7 (:?;f, }51) .

o If H has time-dependence then s is not correct, it will
have {7, #ff. But 2} = 0P + 2%, so in the
time-dependent case we write [/ = H(zl%, it P)
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o The solutions are easy to construct:
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The Schrodinger constraint

o The states constrained by the Schrodinger equation is
1y = {1 € Ay (R?) : (00, — ) =0} ,

o The solutions are easy to construct:

?72 c 7:(0 — ?72 _ e—i(i{?—ﬁ)ﬁ(ﬁl,i{’)x (j\jl)

o If IT depends on i/', we can easily generalise the
formula

b€ Hy = =U (2f, 71)x (#1)

0 af ) = Tesp <o [ B (st 1))

1

o :Ci‘gi
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Some observations

- An alternative useful form for ¢ is

p=V (;%{f,—oo) X (71)

0
V (:%éz,—oo) = T exp [—2/ dr H (:UO + T, xl,Pl)]

O

where the integral can be defined at the lower limit
using the usual adiabatic cut-off.

o The Hilbert spaces #; and H, based on scalar
products (.,.); and (.,.),- are obtained from 7, by

completion. Our basic assumption is that 4 is
self-adjoint in the chosen scalar product.
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Some observations

o In the passage from H to I, there is an apparent
ambiguity. We replaced z by 75, but we may be
tempted to replace zo by /f. But it is incorrect to
replace z( by )" and at the same time =1 by #4. Time
and space should NOT commute when 6 becomes
nonzero whereas /" and 7 commute.

o Note that i/ = —9P; + 2! and that i/’ behaves much
like the 0 = 0 time z¢. Thus if H has time-dependence,
its effect on H is to induce new momentum-dependent
terms leading to nonlocal (“acausal”) interactions.

o We can construct observables as before and no
complications are encountered.
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A spectral map:

o For 6 = 0 let the Hamiltonian be: 7 — — L & + V(z1)

—
with eigenstates g fulfilling the Schrédinger
constraint:

—1 20

Vg (Zo,21) = pr(T1)e  Hop = Fop .

- The Hamiltonian /7 associated to H for 6 # 0 is

. p2
H=—11+V(i).
2m

o Then H has exactly the same spectrum as / and its
eigenstates v are obtained from 5.

—1BZo

g = ppil)e  Hopp(i1) = Epp(i) .
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QFT.....:

o We can also see how to do perturbative qgft’s, our
approach can be inferred from the work of Doplicher et

al. We require of @ that it is a solution of the massive
Klein-Gordon equation: (adﬁo2 — adP? + ;ﬂ) d=0.

o The plane wave solutions are
&k — eikfle—iw(k)ifo : W(k)Q o k2 — ,LL2 .
o So for @, we write:

© = / zjfk) [“MBH@LQBH ’

where a;, and «| commute with i, and define
oscillators: [ak, aH — 2u(k)s(k — ).



QFT.....:

- The “free” field ¢ “coinciding with the Heisenberg field
initially” after time translation by amount 7 using the

free Schrédinger Hamiltonian 77, = [ .4 Sty ,JL ag
becomes

Up(T) (&D) — eiTﬁoée_iTﬁo ,



QFT.....:

- The “free” field ¢ “coinciding with the Heisenberg field
initially” after time translation by amount 7 using the

free Schrédinger Hamiltonian 77, = [ .4 Sty ,JL ag
becomes

Up(T) (&D) — ¢iTHo g —im Ho ,

o The interaction Hamiltonian is accordingly
. A\ 4 .
Hyr(xg) = A : Sy, (U()(T) (CID) ) : =X Syotr (@4) :,A> 0

where : : denotes the normal ordering of a;, and .



QFT.....:

- The “free” field ¢ “coinciding with the Heisenberg field
initially” after time translation by amount 7 using the

free Schrédinger Hamiltonian 77, = [ .4 Sty ,JL ag
becomes

Up(T) (&D) — ¢iTHo g —im Ho ,

o The interaction Hamiltonian is accordingly
. A\ 4 .
Hyr(xg) = A : Sy, (U()(T) (CID) ) : =X Syotr (@4) :,A> 0

where : : denotes the normal ordering of a;, and .
o The S-matrix S can be worked out.
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o> We can easily extend our earliar presentations to the
cylinder, a version related to 2+1 gravity and R x S°. In
all these models, only discrete time translations are
possible, a result known before.

o One striking consequence of quantised time
translations is that even though a time independent
Hamiltonian is an observable, in scattering processes,
it is conserved only modulo 27, where ¢ is the
noncommutative parameter.

o Scattering theory is also formulated and an approach
to quantum field theory IS outlined hep-th/0410067,JHEP 0411(2004) 068.

» But for the moment we will concentrate on only the
noncommutative cylinder.
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Noncommutative cylinder A,
o It is generated by iy and ¢~**1 with the relation

{:%0, e_ml} —fe 1.

o For 0 = 0, there is a close relation between C* (R x R)
and the functions C> (R x S') on a cylinder. The
former is generated by coordinate functions 2y and 21,
and the latter by z, and ¢*1, ¢'*' being invariant under
the 27-shifts 21 — 1 £+ 2.

» Following this idea, we can regard the noncommutative
R x S' algebra Ay (R x S') as generated by 7 and ¢
with the defining relation e'*13y = 2ge™™t + fe'1
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Noncommutative cylinder A,
o For the noncommutative cylinder we get:

» 80 that for the spectrum spec ¢ of 2y in an IRR, we
have,

6
spec£0:9Z+2—¢:6’(Z+£)E{H(n+£):nEZ}.

T 2T 27
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> We can realise Ay (R x S') irreducibly in the auxiliary

Hilbert space L” (S'.dx). It has the scalar product
given by

27
(a, B) = /0 dry o (eixl) 5] (eml) L a,Be L’ (Sl,dajl) .

o On this space, ¢'“1 acts by evaluation map,

(eiil@) (eixl) _ eixlOZ (eixl) ’
while z,/6 acts like the § = 0 momentum with domain
Dy (p1).

. 27\ 2 . . A
o> Now because of the spectral resul’[,ez(“)*?)ﬂ'?O — el eiwWTo
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Noncommutative cylinder....

> Thus elements of 4, (R x S*) are quasiperiodic in w
and we can restrict w to its fundamental domain:

M

o> The general element of Ay (R x S',e'2x) is thus

+9
A& — E :/ dw & Oén znafl zwx()?

nez

> The symbol of & is a function con 6 (Z + ) x S*:
a:0(Z+ ) xSt —C.
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o znxl zw@(m—|— )
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o and is defined by:

(0 2) ) =5 [ s s ),

nez

o & determines &,, and hence « uniquely, so that the
map a — « is well-defined. Converse is also true.

o Positive map is S, o(m+£)’

ot = [ v (o (s £) ).
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Positive map & innerproduct..

» We then have, for inner product,

(%) s ) = Soomr2) ()

27

o There are other possibilities for inner product such as
the one based on coherent states. The equivalence of
theories based on different inner products is discussed
In our earliar work.

o> We can infer the spectrum of the momentum operator
Py when it acts on Ay (R x St efar).
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o For the construction of a Hilbert space, we do not need

this algebra, it is enough to have an Ay (R x S*, e'2r)
-module which can be consistently treated.

o Such a module is Ay (Rxsl b e'ﬁi) _

— 62%5171 E / dw/yn mazl ’wao

nez

o The eigenvalues of P, are now shifted by Qi

i Y\ s
Plez 5131 Zn£131 — (n _I_ 2 ) 622 517162711131 ’ n E Z .
70
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The Schrodinger constraint

o The inner product is still like

A

(7 5)9(m+§) - S@(m+%)(ﬁ*5) -

o We will discuss only time independent Hamiltonians:
Since
ax 67:(,(}:150 — _weiwi‘o
0
IS not quasiperiodic in w, continuous time translations
and the Schrodinger constraint in the original form

cannot be defined on Ay (R x 5*).

o But translation of 1y by +6 leaves its spectrum intact.
Hence the conventional Schrodinger constraint is thus
changed to a discrete Schrodinger constraint.
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The Schrodinger constraint

o The family of vector states constrained by the discrete
Schrodinger equation is

H@ (6 2 e'gff) —

L

{12 c Ay (R X Sl,ezﬁ,ei%) : e_’i@(iaxo)@g _ @_wﬁw} .

o It has solutions

AR (13T f
" —1Zg H(e 1 Pl) PR %
w — e ’ 622W£B1X €ZZE1 :



The Schrodinger constraint

o The family of vector states constrained by the discrete
Schrodinger equation is

Y

H@ (6 2 e'%) —

{zi e Ay (R x St e’ ei) e ) = e_w%} |

o It has solutions

~ —za?(])%[—]( %L,pl) iia?;l R it
w g e 27 X e ;

o See JHEP 11(2004)068 for further details
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